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Lesson U: Dif ferentiability and Continuity

Do and Do Not Exist

In this lesson we will investigate the relationship between differentiability and continuity. Our focus
will be to determine when a function fails to have a derivative. A function that is differentiable ata
point is also locally linear at that point. Basically, this is telling us that in order for a function to be
differentiable at a point, the graph must be continuous and smooth at the point. Remember, when we
say a function is differentiable, this means the derivative exists or you are able to take the derivative.

Dif ferentiability at a Point
A function ¥ = f(x) is differentiable at x = ¢ if and only if
i SOOI 10 1)

x = x —-c x = x—c

Where Lis afinite value.

How f'(a) May Fail to Exist ...
The following examples will show us how a function will fail to have a derivative ata point where
there is a corner, a cusp, a vertical tangent line or a discontinuity.

EX #1: Giventhe graphof f(x)= |x — 1|

A. Whatis f'(x)asx — 1

B. Whatis f'(x)asx — 1%

1

EX #3: Giventhe graphof f(x) = ey

A. Describe the derivative of fas x approaches negative
two from the left and the right.

B. Given the derivative f'(x) = (“\172

use the formula b

to evaluate the derivative whenx = -2

Dif ferentiability Implies Continuity:

Iff is differentiable at x = ¢, then f is continuous at x = c.
1. If a function is differentiable at x = ¢, thenit is continuousatx = ¢.
So, differentiability implies continuity.
2. Itis possible for a function to be continuous at x = ¢ and not be differentiable at x =

Continuity does not imply differentiability.

SHARP CORNER, CUSP, VERTICAL TANGENT LINE or DISCONTINUITY

Write the contrapositive to the statement, “If a function is differentiable at x=c, then the function
5 i .

C. Isfcontinuousat x = 1?2

D. Is fdifferentiable at x = 17
(x+1)%, x=o0
(4-x)?2 «x=3

EX #2: Given the graphof f(x)= 3/x ,use the alf
S} - 1
e

to show that {

the derivative lim
x—c¢

avertical tangent line at x = 0.

EX #5: Find all values of x for which the function is differentiable.

Given: h(x) = {2x+1, 0<x<3

Inction g(x) = |x2— 5| is differentiable.

Piecewise Functions are always challenging. Not only do the limits ofthe slopes need to be
approaching the same value on either side (piece) of a given x-value, but the function must be
connected and smooth in order for the function to be differentiable at the given point.
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EX#7: Show algebraically, using the alternate fornj
derivative, why g(x) is not differentiable
atx = 1.

2
_ )Jx5x<1
g(x)i{z:x>1

EX #6: Find the value(s) of the constant a where the fune|

EX #9: Use your calculator to find the derivative of our first three functions in this lesson set. @
Explain any problems* that you encounter.

A f(x)=|x—1] atx=1

B. f(x) = ¥x atx=0

1
C. f(x)= e atx =—2

*Your calculatoris programmed to find derivatives by using the symmetric difference quotient. This can
cause errors. YOU MUST MAKE THE FINAL DECISION BASED ON PROPERANAYLSIS!

Topic 2.3: Estimating Derivatives of a Function

On the AP Exam you will need to find the numeric derivative of a function at a given point. You can use
the nDerive( feature on the TI-83+ or TI-84+ and the Derivative ata point feature on the TI-Nspire CX.

TI-83+ or TI-84+ Keystrokes TI-Nspire CX or CX-CAS Keystrokes

MATH>8 MENU>4>2
Display 3 RI-OK+E |H= ] Enter: an x-value
Fntar dv -1 Fntar: function

NOTES

Express your answer using proper notation. E

EX #10: Defending your answers. If you are given that y = f(x) is a differentiable function at
x = 3, explain why each statement below is true.

A. f(3) exists

B. }lirlaf[zj exists

D. lim £&*

n=0

7’}3_3‘(33 exists




i iabili Name
21 Dif ferentiability and

Continuity Homework .
Date Period

Problems 11-12, determine whether the function is continuous at the “transition value,”
where the function rules change, by using the definition of continuity.

Problems 1-6, determine if the function f(x) is continuous at the value c. If not continuous,
state which rule of continuity the function fails.

2-3, x<1 12: (= 2(x+2), x<—1
2-x,x21 : Y+l +2 x>-1

11. f(x) = {

Problems 13-16, find the value of the constant k that makes the function continuous.
Show your set up and work.

Problems 7-10, state the value(s) of x where the function is discontinuous. Justify your

reasoning.
3
x4+ 5x— 24 =t
T ) = e 8. 9(x) =tanx
9. h(x)= 2% 42 10. )= 3_27
x—3

_fx*+1,x<2 _l VI x=2
13: f(")’{za—azzz 1 fO =y x 2

_fkx+5, x<—1 [ x¥+3, x=2-2
s f(x)—{ kxz,xz—l dat f(x)_{kzzfzx,x<72

Problems 17 - 18, Use the alternate form of the derivative to determine whether each function
is differentiable at the given x-value. Then, verify that the function is
continuousatx =

Multiple Choice.

17. f(xj::i at x=2 18. f(x) =x*+3x’+ 4 atx=—-1

24, If }\LH]gf(x) = 9, which of the following must be true?

I. fiscontinuousatx =3
II. f isdifferentiable atx =3

Problems 19 - 23: Use the graph of the function f{x) shown in the figure at right.

L f(3)=9
A. None B. 11 Only C. landIIl Only D. L1, andIlI
B} . _j2x, x<2
25. Atx = 2, the function givenby g(x) = { PR

Differentiable but not continuous
. Continuous but not differentiable

. Both continuous and differentiable

U 0w p

. Neither continuous nor differentiable

19. fi(4)=

20. For whichvalues of x is f'(x) <0?

Practice Set

23. Whichis larger f'(5.5) or £'(6.5) ?

Problems 26 - 28: Evaluate each ofthe following on your calculator.
Explain any incorrect answers.

26. Find

given y =Inx
=2

0. Yy Lyuy— yr—1




2.4 Differentiability & Continuity
Form A

Name

Date Period

2.4 Differentiability & Continuity
FormB

Name

Date Period

1. Find the value of the constant k that makes
the function continuous.

1. Find the value of the constant k that makes
the function continuous.

AL (R . (kx+1, x>z
ka}i“‘_x’ x=3 ka":i‘é—xz, x<2
5
3
2
1

2. Inthe graph shown above, use the three rules
of continuity to discuss where the functionis
not continuous or not differentiable.

2. Inthe graph shown above, use the three rules
where the fiinction i

of continnitv ta dicen

ndgd

2.4 Differentiability & Continuity

2.4 Differentiability & Continuity

the function continuous.

Form C FormD

Name Name

Date Period Date Period

1. Find the value of the constant k that makes 1. Findthe value of the constant k that makes

the function continuous.

flx.‘_.!. kxz, > —1 F) = 1.5kx, x =<2
s i\kx+7, x=-1 e Lkz—xz, x=2
5Ey
4 y=g)
3
2
o\
5 4 1
-1
2
3
4
2. Inthe graph shown above, use the three rules 2. Inthe graph shown above, use the three rules

of continuity to discuss where the function is
not continuous or not differentiable.

of continuity to discuss where the function is
not continuous or not differentiable.

Daily Lesson Quiz
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